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there after a few results on generalized intuitionistic fuzzy ip 
normed linear space and finite dimensional generalized intu- 
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1 Introduction 



In 1965, Zadeh|l3] first introduced the concept of Fuzzy set theory and there- 
after it has been developed by several authors through the contribution of the 
different articles on this concept and applied on different branches of pure and 
applied mathematics. The concept of fuzzy norm was introduced by Katsaras 
[TO] in 1984 and in 1992, Felbin[8] introduced the idea of fuzzy norm on a linear 
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space. Cheng-Moderson [5] introduced another idea of fuzzy norm on a linear 
space whose associated metric is same as the associated metric of Kramosil- 
Michalek [13]. Latter on Bag and Samanta [3] modified the definition of fuzzy 
norm of Cheng-Moderson [5] and established the concept of continuity and 
boundednes of a function with respect to their fuzzy norm in [I]. 
The authors T. Bag and S. K. Samanta [3] introduced the definition of fuzzy 
norm over a linear space following the definition S. C. Cheng and J. N. Moorde- 
son [5] and they have studied finite dimensional fuzzy normed linear spaces. 
Also the definition of intuitionistic fuzzy n-normed linear space was introduced 
in the paper pL2] and established a sufficient condition for an intuitionistic fuzzy 
n-normed linear space to be complete. In this paper, following the definition 
of intuitionistic fuzzy n-norm [12] , the definition of generalized intuitionistic 
fuzzy if> norm ( in short GIF-0N ) is defined over a linear space. There after 
a sufficient condition is given for a generalized intuitionistic fuzzy if) normed 
linear space to be complete and also it is proved that a finite dimensional gen- 
eralized intuitionistic fuzzy if) norm linear space is complete. In such spaces, it 
is established that a necessary and sufficient condition for a subset to be com- 
pact. Thereafter the definition of generalized intuitionistic fuzzy if) continuity, 
strongly intuitionistic fuzzy if) continuity and sequentially intuitionistic fuzzy 
if) continuity are defined and proved that the concept of intuitionistic fuzzy 
if) continuity and sequentially intuitionistic fuzzy if) continuity are equivalent. 
There after it is shown that intuitionistic fuzzy continuous image of a compact 
set is again a compact set. 

2 Preliminaries 

We quote some definitions and statements of a few theorems which will be 
needed in the sequel. 

Definition 2.1 fill. A binary operation * : [0,1] x [0,1] — > 
[0,1] is continuous t - norm if * satisfies the following conditions : 
(i) * is commutative and associative , 
(ii) * is continuous , 
(Hi) a * 1 = a V o £ [0,1], 

(iv) a * b < c * d whenever a < c , b < d and a , b , c , d e [0, 1 ] . 
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Definition 2.2 111]. A binary operation o : [0,1] x [0,1] — > 
[0,1] is continuous t-conorm if o satisfies the following conditions : 
( i ) o is commutative and associative , 
(ii) o is continuous , 
(Hi) a o = a V a G [0,1], 

(iv) a o b < cod whenever a < c , b < d and a , b , c , d G [0,1]. 

Corollary 2.3 [W] . (a) For any n , r 2 G (0 , 1) m& r x > r 2; 
there exist r % , r 4 G (0,1) such that ri*r 3 > r 2 and ri > r 4 or 2 . 
(6) For any r 5 6 (0,1), there exist r 6 , r 7 G (0,1) such that 
^6 * r 6 > r 5 an< ^ r 7 o r 7 < r 5 . 

Definition 2.4 /I3J/ i?y an operation o on R + we mean a iwo place func- 
tion o : [ , oo ) x [ , oo ) — )► [ , oo ) which is associative, commutative, 
non decreasing in each place and such that ao0 = aVaG[0,oo). The 
most used operations on R + are o a (s,t) = s + t,o m (s,t) = 
max{s , t), o n {s , t) = (s n + t n ) n . 

Definition 2.5 Let ip be a function defined on the real field R into itself 
satisfying the following properties : 
( i ) ijj(-t) = ip(t) for all t G R 
(ii) ^(1) = 1 

(Hi) ip is strictly increasing and continuous on ( , oo ) 
(iv) lim ib(a) = anc? lira ib( a) = oo 

Example 2.6 v4s example of such functions, consider i](a) = \a\ ; 
ip( a) = | a \ p , p G R + ; 'ip(a) = r~f^ , w G N + . Tae function if) allows 
us to generalize fuzzy metric and normed space. 

Definition 2.7 19]. Let * be a continuous t-norm , o be a continu- 
ous t-conorm and V be a linear space over the field F ( = R or C ). 
An intuitionistic fuzzy norm on V is an object of the form A = 
{ ((x , t) , n(x , t) , v(x , t) ) : (x , t) G V x R+ } , 
where \x , v are fuzzy sets on V x R + , u denotes the degree of member- 
ship and v denotes the degree of non - membership (x , t) G V x R + 
satisfying the following conditions : 
(i) ji(x,t) + z/(x,t) < 1 V (x , t) G V x R+; 
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(ii) li ( x , t ) > 0; 

(Hi) fx(x , t) = 1 if and only if x = 9 , 9 is null vector ; 

(iv) fx(cx , t) = /x ( x , t|t ) V c G F and c / 0; 

(v) n(x , s) * u(y , t) < ll(x + y , s + t); 

(vi) ll(x , •) is non- decreasing function of R + and lim li ( x , t) = 1; 

t — > oo 

( mi ) i/ ( x , £ ) < 1 ; 

( viii ) v ( x , t ) = if and only if x = 9 ; 

(ix) v(cx,t) = v(x, t|t) Vc G F and c 7^ 0; 

(x) i/(i,s) «!/(!/,{) > v (x + y , s + t ) ; 

(xi) i/(x , •) 5 non-increasing function of R + and lim ^ ( x , t) = 0. 

t — > 00 



Definition 2.8 /P/. // A is an intuitionistic fuzzy norm on a linear space 
V then (V , A) is called an intuitionistic fuzzy normed linear space. 

For the intuitionistic fuzzy normed linear space ( V , A ) , we further as- 
sume that n, v, *, o satisfy the following axioms : 
(xii) a a t a a Z a a } , for all a G [0 , 1]. 
( xiii ) Li ( x , t ) > , for all t > =>- x = 9 . 
( xiv ) v ( x , t ) < 1 , for all £ > =>- x = 9 . 



Definition 2.9 Fj|/. A sequence { x n } n in an intuitionistic fuzzy normed 
linear space (V , A) is said to converge to x G V if for given r > 0, t > 
0, < r < 1, there exist an integer n G N such that 
11 (x n — x , t) > 1 — r and v (x n — x , t) < r for all n > no- 



Definition 2.10 [9]. A sequence { x n } n in an intuitionistic fuzzy normed 
linear space (V , A) is said to be cauchy sequence if lim 11 (x n+p — x n , t) = 
1 and lim v (x n+v — x n , t) = , p = 1,2,3, ••■. 

n — > 00 f 



Definition 2.11 J9j/. Let, (U , A) and (V , B) be two intuitionistic fuzzy 
normed linear space over the same field F. A mapping f from ( U , A) to 
(V , B) is said to be intuitionistic fuzzy continuous at x G U, if for 
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any given e > , a G (0,1), 3 5 = 6( a , e ) > , j3 = /3( a , e ) G 
(0,1) such that for all x G U, 

u v (x - x Q , S) > 1-/3 => Hv{f{x) - /(x ) , e) > 1 - a 

v v (x - x , 5) < (3 => u v (f(x) ~ f(x ) , e) < a . 

Definition 2.12 [9]. A mapping f from (U , A) to (V , B) is said to be 
sequentially intuitionistic fuzzy continuous at xq G U, if for any 

sequence {x n } n , x n G U , V n G N with x n — > x in (U , A) implies 
f(%n) — > f(xo) in (V , B), that is 



lim Uu( x n — x o > t) = 1 and lim v\j(x n — xn , t) = 

n — > oo n — > oo 

lim u v (f(x n ) -f(x ), t) = land lim v v (f(x n ) - f(x ) , t) = 0. 



n — y oo 



Theorem 2.13 |2|/. Let f be a mapping from (U , A) to (V , B). Then 
f is intuitionistic fuzzy continuous on U if and only if it is sequentially intu- 
itionistic fuzzy continuous on U . 



3 Generalized Intuitionistic Fuzzy 
^-Normed Linear space 

Definition 3.1 Let * be a continuous t-norm , o be a continuous t- 
conorm and V be a linear space over the field R. A Generalized intuition- 
istic fuzzy if) -norm on V is an object of the form A^ = { ( (x , t) , 
u(x , t) , v (x , t) ) : ( x , t) G V x R + } , where /i , v are fuzzy sets 
on V x R + ; jj, denotes the degree of membership and v denotes the degree 
of non-membership (x, t) G V x R + satisfying the following conditions : 
(i) (i(x,t)+v(x,t) < 1 V (x, t) G V x R+; 

(ii) /i(x,t) > 0; 

(Hi) u(x , t) = 1 if and only if x = 6 , 9 is null vector ; 
(iv) a (ax , t) = /i(x, ^tt^t ) Va G R and a ^ 
(v) u(x , s) * a(y , t) < n(x+y,sot); 
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vi) fj,(x,-)is non- decreasing function of R + and lim \x ( x , t) — 1; 

vii) v(x , t) < 1 ; 

i>m ) f ( x , t ) = if and only if x = 9; 

ix) v (ax , £ ) = v (x , ,} r ) V ct G R and a 7^ 

x) z/(x,s)oz/(y,£) > z/ ( x + y , s o £ ) ; 

xi ) z/ ( x , ■ ) s non-increasing function of R + and lim zv ( x , £) = 0. 

£ — > CO ' 

If A is an Generalized intuitionistic fuzzy ip-norm on a linear space V then 
(V , A) is called a Generalized intuitionistic fuzzy ip-normed linear space. 



Definition 3.2 A sequence { x n } n in a generalized IFipNLS ( V , A^ ) is 
said to converge to x G V if for any given r > , t > , r G (0,1) 
there exists an integer n G N such that fi ( x n — x , t ) > \ — r and 
v ( x n — x , £ ) < r V n > n . 

Theorem 3.3 In a Generalized intuitionistic fuzzy ifi-normed linear space 
(V , A^), a sequence {x n } converges to x if and only if fi(x n — x , t) — > 1 
and v(x n — x , t) — > as n — > 00. 

Proof. Fix t > . Suppose {x n } converges to x in (V , A^) . Then for 
a given r, r G (0,1), there exists an integer n G iV such that fi(x n — 
x , t) > \ — r and u (x n — x , t) < r . Thus 1 — fj,(x n — x , t) < r and 
is (x n — x , t) < r , and hence //( x n — x , £ ) — )• 1 and z/( x„ — x , £ ) — > 
as n — > 00. Conversely , if for each £>0 , fj,(x n — x , t) — > 1 and 
v( x n — x , t ) — )■ as n — > 00, then for every r, r G ( , 1 ), there exists 
an integer n^ such that 1 — jj,(x n — x , t) < r and v ( x n — x , t ) < r 
V n > no . Thus fi ( x n — x , t ) > \ — r and v ( x n — x , £ ) < r for all 
n > n . Hence {x n } converges to x in (V , A^). 

Theorem 3.4 The limit is unique for a convergent sequence { x n } n in a 
generalized IFyjNLS (y, A^) . 



Proof. 


Let lim x n 

n — > 00 


= x and 


lim x n = 

n — > co 


y ■ 1 


Vis 


A , 


lim x n 

n — )• 00 


= x =>• 


f lim ii(x n ~ 

in — ► 00 

j lim u(x„ - 


X , t) -- 

X , t) = 


= 1 
= 



n — >■ 00 
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{lim n(x n - y ,t) = I 
Vm°° „(*«-„, t) = 
n — >■ oo 

u (x - y ,s o t) = v (x - x n + x n - y , ,s o t) 

< u (x - x n , s) O v (x n - y , t) 
= v {-{x n - x), s) o v (x n - y , t) 

= V (x n - X ,^-ZTj') O ^ (&n - y , 

= ^ (i B - x ,^y) o v (x n - y , t) 

= v (x n - x , s) o z/(x n - y , t) 
Taking limit , we have 

Z/ ( x — y ,s o t) < lim i/ (x n — x , s) o lim v (x n — y , t) = 

n — > oo n — » oo 

==>- v (x — y ,s o t) = =>■ x — y = =>- x = y 



Theorem 3.5 If lim x n = x and lim y n = y then lim (x n + y n 

n — > oo ?i — ^ oo ' n —} oo 

x + y w a generalized IFifjNLS 

Proof. The proof directly follows from from the proof of the theorem 3 [9] 
Theorem 3.6 lim x n = x and k ( ^ 0) e F ==>- lim kx n = 

n — > oo n — > oo 

fcx ma generalized IFtpNLS [V, A^ J 

Proof. Obvious. 

Definition 3.7 A sequence { x n } n in a generalized IFi/jNLS ( V , A^\ is 
said to be cauchy sequence if for any given r > 0, t > 0, rG (0,1) 
there exists an integer n e N such that u ( x m — x n , t ) > 1 — r and 
^ ( x m — x n , t) < r V m , n >n . 

Theorem 3.8 In a generalized IFipNLS ( V , A^\ , every convergent se- 
quence is a Cauchy sequence. 



Proof. Let { x n } n be a convergent sequence in the IF-0NLS (V,A 
with lim x n = x. 

n — > oo 

Let ( s o t ) e R + and p = 1,2,3, 

we have 
A*(x n + p — x n , s o t ) = /i(x n + p — x + x — x n , s o t ) 

> n [x n + p — x , s ) * /i(x — x n , t ) 



i> 
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= /i (l n + p X , S ) * fl [ \%n X ), t ) 

= fl yX n _)_ p -- X , S J * /i I X n X, if _j ■> I 

H \% n + p 2" ; ■'/ * /* ( «*< n ■*•' i i/>( 1 1 / 

= fl [X n + p X, S J * /I [X n X , t J 

Let r > 0, £ , s > 0, r G (0,1), then 3 an integer n E N such that 

l 1 \\ x n + p ~~ x n) j s ° i J 

> fl {X n + p — X , S ) * fl [X n — X , t J 

= (1 — r ) * ( 1 — r) = ( 1 — r) V n > n 
Again, 

^ ( ^ n + p — X n , S O £ J = Z/ ( X n + p — X + X — X n , S O t) 

< v (x n + p - x , s) o Z/ (x - X n , t) 
= v (x n + p - x , s) o z/ (-(x n - x ), £) 

v yx n _|_ p -- x, sj v z/ix n x, ^zTyr I 
= z/(x n + p - x, s) o ^ (x n - X, t) 

Thus, we see that 

V {{Xn+p - Xn) , S O t) 

< V (x n + p - X , s) O V (x n - X , t) 

— ro r _ r \/ n > no 

Thus, { x n } n is a Cauchy sequence In a Generalized IF^NLS ( V , A^). 

Note 3.9 The converse of the above theorem is not necessarily true . It 
can be verified by the following example . 

Example 3.10 Let ( V , || ■ || ) be a normed linear space and define 
a * b = min { a , b } and a o b = max { a , b } for all a,b G 

(0, 1). For all t > 0, define fi(x , t) = fc f ,, ,, , v(x , t) = 

t , k x J x H where k > and ip(t) = \t\ . It is easy to see that A^ = 
{ ((x , t) , fi(x , t) , v (x , t) ) : (x , t) G V x R + } is a generalized 
IFi/jNLS. Then 

(i) { x n } n is a Cauchy sequence in ( V , \\ • || ) i/ and on/y if { x n } n is a 
Cauchy sequence in a Generalized IFipNLS ( V , A^ 
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(ii) { x n } n is a convergent sequence in ( V , || • || ) if and only if { x n } n 
is a convergent sequence in a Generalized IFtpNLS ( V , A^ 



Proof. The verification directly follows from the example 2 of [9]. 



Theorem 3.11 In a generalized IFipNLS ( V , A^ j , a sequence { x n } n 
is a Cauchy sequence if and only if fi(x n+p — x n ,t) — > 1 and u(x n+p — 
x n , t ) — > as n — > oo . 



Proof. Fix t > . Suppose { x n } is a Cauchy sequence in ( V , A^ 
Then for a given r > 0, r G (0,1), there exists an integer Uq G N such that 
^\ x n + p^ x n-,t) > 1 — 7" and z/(x n + p — x n , t ). 1 hus 1 — /i \x n + p — 
x n , t ) < r and i/ ( x n + p — x n , £ ) < r , and hence ii ( x n + p — x n , t ) — ^ 1 
and ^ (x n+p — x n , £) — )■ Oas n —$■ oo. 

Conversely , for each t > , suppose n(x n+p — x n , t) — > 1 and i/ ( x n+p — 
x n ,t) — > as n —¥ oo. Then for every r > 0, r G (0,1), there 
exists an integer n £ N such that 1 — fi(x n + p — x n ,t) < r and 
v ( x n+p — x n , £ ) < r W n > n . Thus fi(x n+p — x n , t) > \ — r and 
^ ( ^n+ P — ^n , i ) < r for all n > n . Hence { x n } is a Cauchy sequence in 
(V, A 



Definition 3.12 A generalized IFipNLS ( V , A^ J is said to be complete 
if every cauchy sequence in (V , A^\ is convergent. 

Theorem 3.13 Let ( V , A^ J 6e a generalized IFtfjNLS. A sufficient con- 
dition for the generalized IFi/jNLS ( V , A^ j to be complete is that every 
Cauchy sequence in [V, A^\ has a convergent subsequence. 

Proof. Let { x n } n be a Cauchy sequence in (V, A^) and { x nk } k 
be a subsequence of { x n } n that converges to x € V and s , t , s o t > 0. 
Since { x n } n is a cauchy sequence in (V, A^) , We have for r > 0, r G 
( , 1 ), there exists an integer uq G N such that 

H (x n — Xk , s) > 1 — r and z/(a: n — Xfc,s)<r V n , k > n 

Again , Since { x n } k converges to x ,We have 

Li (x nk - x , t) > 1 - r and v (x nk - x , t) < r \/ n k > n 

Now, 
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h" \*L n ' ~ ^7 & ^ ) H 1 v n n k * n k ' / 

> fi [X n X nk , S ) * fl [X nk X , £ J 

> ( 1 — r ) * ( 1 — r) = ( 1 — r ) Vn > n 
Again , we see that 

V (X n - X , S O t) = V (x n - X nk + X nk - X , S O t) 

< v (x n - x nk , s) o v (x nk - X , t) 
<ror = r V n > uq 

Thus { x n } converges to x in ( V , A^\ and hence ( V , A^ J is complete. 



Definition 3.14 Let [V , A^ ) be a generalized IFipNLS. A subset P of 
V is said to be closed if for any sequence {x n } n in P converges to x e P, 
that is, 

lim u( x n — x , t) = 1 and lim v ( x n — x , t ) = ==>- x e P. 

n— > oo n — > oo 



Definition 3.15 Let (V , A^ J be a generalized IFipNLS. A subset Q of 
V is said to be the closure of P ( C V ) if for any x e Q , there exists a se- 
quence {x n } n in P such that lim u (x n — x , t) =1 and lirn^ v (x n — x , t) 
V t E R+. We denote the set Q by P 



n — > oo 



Definition 3.16 A subset P of a generalized IFipNLS is said to be bounded 

if and only if there exist t > and < r < 1 such that a(x, t) > 
1 — r and u(x,t) < r ViG P . 



Definition 3.17 Let [V , A^ J be a generalized IFipNLS. A subset P of 
of V is said to be compact if any sequence { x n } n in P has a subsequence 
converging to an element of P . 

Let ( V , A^ J be a generalized IF-0NLS. We further assume that 
(xii) a a : a a Z a a } V a e [0 , 1] 

( xiii ) /j,(x , t) > \/ t > =>- x = 

(xiv) v(x,t)<lVt>0 =>- x = 



Theorem 3.18 Let ( V , A^ J be a generalized IFijjNLS satisfying the con- 
dition (Xii) . Every Cauchy sequence in [V, A^\ is bounded . 
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Proof. Let us consider a fixed tq with < tq < 1 and {x n } n be a 
Cauchy sequence in a generalized IF^NLS ( V , A^Y Then 3 n E N such 
that 

:{zt: -11:1] <\: ro }vt>o, P = i,2, ...,v * > n„. 

Now we see that 

fi(x n + p - x n , t) > 1 - r V ( > , p = 1,2, ••• , V n > n 

=> /z(-(x n -x n + p ),t) > 1 - r 

=>• // ^ a; n — x n + p , ^ _ 1 - ) J > 1 — r o 

=>• // ^ a; n — x n + p , ^-j J > 1 — r o 

=> fj, (i„ - a: n+p , t) > 1 - r 

=> Fort' > 3 n = rio(t') 

such that fj,(x n — x n + p , t') > 1 — r V n > n , p = 1,2, 

Since lim /j,(x,t) = 1, we have for each Xj , 3 ij > such that 

t — > oo 

/i(xj,t)>l-r Vt>ti,i = l,2,--- 
Let t = if o max{ t\ , t 2 , • • • , t no } . Then , 

M^n > *o) > H{%n , t' O t n() ) 

fl yX n a; no "T X no , E o I n() ) 

^_ \X yX n X n , t J * /I yX no , 'no J 

> (1 - r ) * (1 - r ) = 1 - r V n > n 
Thus , we have 

fi(x n , t ) > 1 - r V n > n 
Also , //(x n , t ) > fi(x n , t n ) > 1 - r V n = 1 , 2 , ••• , n 
So, we have 

H(x n ,t ) > 1 - r V n = 1 , 2 , (1) 

Again, we see that 

K^n + p - x„ , t) < r V t > , p = 1,2, ••• V n > n 
=► v {-{x n - x n + p ) , t ) < r 

=?■ ^ I X n X n + p , , / _^ \ I < To 

=p z/(a; n x n + p , , / j j I < tq 

=>- f (i„ - a; n + p , t ) < r 
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=>- Fort' > 3 n' = n' (t') such that 

u(x n - x n + P , t' ) < r V n > n' , p = 1,2, ••■ 

Since lim ^ (x , t) = 0, we have for each Xi , 3 £'■ > such that 

t — > oo 



i^Ui 



t) < r V t > t'i, i = 1 , 2 , 



Let t' = t! o max { t' : , £' 2 , • • • , t' n } .Then , 

v{Xn , *o) < ^On , f O f n() ) 

= i/(ar n - Z n ' + Sn'„ , *' o t' no ) 

< v(x n - x n ' o , t') o v(x n > o , t' no ) 

< r o r = r V n > n ' 
Thus , we have 

u{x n , f ) < r V n > n' Q 
Also , v (x n , f ) < u(x n , f n ) < r V n = 1 , 2 , • • • , n' 
So, we have 

i/(z„, t' ) < r V n = 1, 2, (2) 

Let £ q = max { £ o , t ' } . Hence from ( 1 ) and ( 2 ) we see that 

M(.-,tj) >d-ro) 1 vn = 1, 2, -.. 

This implies that { x n } n is bounded in f V , A^j 

Theorem 3.19 In a finite dimensional generalized IFipNLS (V , A^\ sat- 
isfying the conditions (Xii), (Xiii) and (Xiv) , a subset P of V is com- 
pact if and only if P is closed and bounded in ( V , A). 

Proof. ==>- part : Proof of this part directly follows from the proof of the 
theorem 2.5 [3]. 

-<== part : In this part, we suppose that P is closed and bounded in the 
finite dimensional generalized IF^NLS (V,A^J. To show P is compact, 
consider {x n } n , an arbitrary sequence in P. Since V is finite dimensional, 
let dim V = n and { e\ , e-% , ••• , e n } be a basis of V. So, for each Xk, 
3 P\ , p\ , • • • , Pn e F such that 

x k = Pi ei + p\ e 2 + ■ ■ ■ + P k n e n , k = 1 , 2 , • • • 
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Following the calculation of the theorem 11 [9j, we can write 

x k . = f3 1 L e 1 + /V e 2 + • •• + fit 1 e„ and /3 X = lim /?,' , j3 2 = 

' n — > oo 

lim f3 2 l , • • • , P n = li m fit 1 an d x = fii e ± + $1 e 2 + • • • + /5„e fl . 

n — > oo n — > oo 

Now suppose that for all t > 0, there exist ti,t 2 , ••• ,£& > such that 
(fj o t2 o ■•• o tfc) > 0. Then we have 
H{x kl - x , t\ o t 2 o ■■■ o tk) 

n , n 

= A*( E /V e * - E /?ie< , *i o t 2 o ••• o t fc ) 

j= 1 i = l 

n , 

= /•*( E (/V - ^)ei, tiofjo ••• ot t ) 

i= 1 

> //((£*' - Px)e x , t 1 )*-..* //((/3*« -/3„)e n , t n ) 
/' ! ' l ■ ^TfeT I \ I * • • • * A* [ e„ , 77-r 



i>(Pl -Pi I \ V> /V -0 



Since lim — -, — -^ r- = oo, we see that 

l->oo jlfifl -fiij 

=>- lim fi(xk t — x , t) > 1 * • • • * 1 = 1 V i > 

l — > oo 

=>- lim/i(x fc ,-x,t) = l V t > ••• (4) 

i — ► oo 

Again, we have 

v{x kl - x , t x o t 2 o ■■■ o t k ) 

n , n 

= KE/Vei- E Z^e* , ii o £ 2 o ••• o £ fe ) 

t = 1 i= 1 

n , 

= ^( E (j9?« - /3 i )e, , tiot 2 o •■■ o * fc ) 



< i/(( J 9*« - fii)e ll ti)o---ou({P*> -p n )e n , t n ) 
J/ I ei , / */ r o • • • o i/ e, L 



Since lim — -, — -^ *- = oo, we see that 



i ^°° ^TpT 1 -0.) 



,lim v \ e { , — ,-£ v = 



=> lim y(i fcl - x, t) < o ••• o = Vf > 

l — y oo 

=> lim v(x k . - x , t) = Vt > ••• (5) 

l — > oo 

Thus, from ( 4 ) and ( 5 ) we see that 

lim x k[ = x ==>- x e A [ Since A is closed ]. 
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==>- A is compact. 

4 Generalized Intuitionistic Fuzzy 

ip — a-Normed Linear space 

Theorem 4.1 Define \\ x || = A {t : fj,(x , t) > a} and 
|| x || a = V {t : u(x , t) < a}, a £ (0,1). Then both 
{ \\x\\ a : a e (0 , 1) } and { || x || Q : a £ (0 , 1) } are 
ascending family of norms on V . These norms are said to be a - norm on 
V corresponding to the generalized IFifiNLS A on V . 

Proof. Let as ( , 1 ) . To prove || x || a is a norm on V , we will 
prove the followings : 

(1) || x \\l > V x e V ; 

(2) ||s ||i = ^ x = 0; 

(3) II OiX \\l = ip(a) || x Wl ; 

/ A \ II i II 1 ^ II II 1 i II II 1 

( 4 ) II X + V \\a ^ II X \\a + II V II a ■ 

The proof of ( 1 ) and ( 2 ) directly follows from the proof of the theorem 2.1 
[3] . So, we now prove ( 3 ) and ( 4 ) . 
If a = and ip{ a ) = \a\ then 

II 111 II n II 1 n nil II 1 I I II II 1 //Nil II 1 

||ax|| Q = IIQIL = = ||x|| Q = |a|||x|| Q = ip{a) \\x\\ a 

If a ± then 

ii n i 

II II a 

= A{s : /i(ai,s) > a} 
= A{s : n (x,-^) > a} 
= A {ip(a)s : /i ( x, s) > a} 
= Aip(a){s : /i ( x, s) > a} 
Therfore || a x \\ a = ip(a) || x \\ a 

ii n i n n i 

II x II a * II il II a 
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= A { s : /i (re , s) > a} + A {t : fj,(y , t) > a} 

> A { s o £ : /j, (x , s) > a , fi(y , t) > a} 
= A {s o t : n(x , s) * /i(y , t) > a * a} 

> A { s o £ : fx(x + y , s o t) > a} 
= II x + V II a-> w hich proves (4) . 

Let 0<ai<«2<l- 

II x H^ = A {t : fi(x , t) > a 1 } 

and || x || a = A { £ : fl(x , t) > a 2 } . 

Since «i < a 2 { ^ : n(x , t) > a 2 } C { i : fi(x , t) > «i} 

==>- A{£ : /i(x, t) > a 2 } > A{t : fJ,(x , t) > «i} 

==>- || x || Q < || x || Q .Thus, we see that { || x || a : a s ( , 1 ) } is 

an ascending family of norms on V . 



x 



Now we shall prove that { 
family of norms on V. 
Let a e ( , 1 ) and x , y e V . 
It is obvious that || x || a < . 
Let || x II = . Now, 

II II a 

\\x\\ 2 a = =► A{£ : v{x , t) < 
=*■ v{x , t) > «>0Vt>0 = 
Conversely, we assume that x = =1 
=► A{t : i/(x , t) < (1 -a)} = 
If a — and -0 ( a ) = | a | then 
||ax||i = ||Q||i = = \\x\H 

If a ^ then 

ii n i 

II aX II a 

= A { s : f ( a x , s) < a} 
= A{s : u (i,^j) < a} 
= A{^>(a)s : z/(x, s) < a} 
= A ip(a) {s : z/(x,s) < a} 
Therfore II a x \\ = ib(a) \\x\\ . 

II II a tv /I II a 

2 



a e ( , 1 ) } is also an ascending 



(1 -a)} 

■ x = . 

f (x , t ) 

=> 



^ ||: 



ct 



;r 



V £ > 
= . 



j: 



.?" 



n 2 
V II a 



A{s : z/(x,s) < a} + A {t : u(y,t) < a} 



< A{s o t 
= A {s o £ 

< A {s o £ 



i/ ( x , s ) < a , is (y , t) < a} 
v(x , s) o v(y , t) < a o a} 
v{x + y , s o t) < a} 
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II i II 2 

= II X + Vila > 

That is || x + y || \ < || x \\ 2 a + || y \\ \ V x , y e V. 

Let 0<ai<a 2 <l. 

Therefore, || x ^ a = A {t : u(x,t) < a±} and 

II x II a = ^ { £ : v(x , t) < a 2 } . Since a i < a 2 , we have 

{£ : z/(x,t) < «i} C {£ : z/(x,£) < a 2 } 

=> A{t : z/(x,t) < «i} < A{t : u(x,t) < a 2 } 

II II 2 || || 2 

=> II ^ \\ ai < || x || Q2 . 

Thus we see that { || x || : a 5 (0,1)} is an ascending family of norms 

on V . 

Lemma 4.2 [3] Let (V,A^J be a generalized IFi/jNLS satisfying the 
condition (Xiii) and {x\ , x 2 , ••• , x n } be a finite set of linearly inde- 
pendent vectors of V . Then for each a e ( , 1 ) there exists a constant 
C a > such that for any scalars a± , a 2 , ■ ■ • , a n , 



OLiXi + a 2 X 2 + ■■■ + CtnXnWl > C ' a ^ 



a , 



i = 1 



where || • || * is defined in the previous theorem. 

Theorem 4.3 Every finite dimensional in a generalized IFi/jNLS satisfying 
the conditions ( Xii ) and ( Xiii ) is complete . 

Proof. Let (V,A^j be a finite dimensional generalized IF^NLS 
satisfying the conditions (Xii) and (Xiii). Also, let dim V = k and 
{ei,e 2 , ■•• ,efc} be a basis of V. Consider { x n } n as an arbitrary Cauchy 
sequence in ( V , A^). 

Let x n = f3[ n) e x + ^ n) e 2 + ■ • • + (3 { k n) e k where (3[ n) , £<"> , ■ • • , fi[ n) 
are suitable scalars. Now 3 j3i , fii , • • ■ , (5 k £ F ( By the calculation of the 
theorem 2.4 [3] ) 

k 

Let x = Yl ftiGi, clearly x G V. Suppose that for alH > 0, there exist 

i = 1 

ti , t 2 , ••• ,tk > such that (ti o t 2 o ■ ■ ■ o tk) > 0. Then, 
li{x n - x , ti o t 2 o ••• o t k ) = fi( £ /3f n) ei - Y, Pie*, 

i=l i=l 

il°t 2 •• • O tfe) 

= A*( E (/?i n) - /3i)ei, tiotjo ••■ o t fc ) 

i= 1 
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> M(/?f ra) - /3i)ei, ti) * ••• * /i((/?i n) - Pk)e k , t k ) 



Since lim nf? = oo, we see that 

rc->oo Mpl n) -$i) 

lim u ( e i , , i h ) = 1 

==>- lim u(x n — i, ii o f 2 o •■■ o tt) > 1 * • • • * 1 = 1 

n — > oo 

==>- lim n{x n — x, t) = 1 for all t > 0. 



Again, we have 

u(x n - x , t ± o t 2 o ■■■ o t k ) = ^(E/3- n) ej- E/3jei, 

i=i »= i 

ti o t 2 o ■ ■ ■ o t k ) 

= v{ E (&- n) - /3i)e i5 <iot 2 o ... ot fc ) 

i = 1 

> v((p[ n) - /3i)ei, ti) o ••• o ^((/3i n) - k ) e k , t k ) 

= I/ (e 1 , t-%4 ) o -.. o u(e k , Ax ) 

Since lim r-fy = oo, we see that 

n^ oo -iK/3i - /3i) 

lim u(e i: r^r ) = V« 

==>- lim z/(x n — i, fj o t 2 o ••• o t t ) < o ■•• o = 

n — > oo 

=>- lim v(x n - x , t) = Vi > 

n — > oo 

Thus, we see that { x n } n is an arbitrary Cauchy sequence that converges to 
x e V hence the generalized IF^NLS ( V , A^\ is complete . 



5 Generalized Intuitionistic Fuzzy 
^-Continuous Function 



Definition 5.1 Let (U , A^ J and (V , B 1 ^) be two generalized IFtfjNLS 
over the same field F . A mapping f from (U,A^J to (V , B^) is said 
to be intuitionistic fuzzy continuous ( or in short IFC ) at Xq £ U, if 
for any given e > 0, a£(0,l),3 5 = 5 (a , e) > , (3 = 

f3 ( a , e) e (0, 1) such that for all x e U, 

uu(x - x , 8) > /3 =>- fjL V (f(x) - f(x ) , e) > a 
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and 

vu{x - x , 5) < 1-/3 =4> u v (f(x) - f(x ) , e) < 
1 — a. 
If f is continuous at each point of U , f is said to be IFC on U . 

Definition 5.2 A mapping f from ( U , A^ J to ( V , B^) is said to be 
strongly intuitionistic fuzzy continuous ( or in short strongly IFC ) at 
xq e U, if for any given e > , 3 5 = 5 (a , s) > such that for all 
x e U , 

fiv(f(x) - f(x ) , e) > nu(x - x , 6) and 
u v (f(x)-f(x ),s) < uu(x-x ,8). 
f is said to be strongly IFC on U if f is strongly IFC at each point of U . 

Definition 5.3 A mapping f from ( U , A^ J to ( V , B^) is said to be 
sequentially intuitionistic fuzzy continuous ( or in short sequentially 
IFC ) at Xq e U, if for any sequence {x n } n , x n e U V n , with 
x n — y xq in (U , A^ J implies f ( x n ) — > f ( x o ) in (V , B'^) , that 
is ,for any given r G (0,1), t > 3n G N 

Hu{x n — Xq , t) > 1 — r and v v {x n — Xo , t) < r V n > n 
=^ Hv(f(x n ) ~ f(x ) , t) > 1 - r and z/y(/(x n ) - /(x ) , < 
r Vn > TT-o 

// / zs sequentially IFC at each point of U then f is said to be sequentially 
IFC on U . 



Theorem 5.4 Let f be a mapping from ( U , A^ J to ( V , £?^). // / 
strongly IFC then it is sequentially IFC. 

Proof. Let / : (U , A*) — > (V , B*) be strongly IFC on U and 
x q e U. Then for each e > , 3 5 = 6 (x , e) > such that for all 

x e U , 

t*v(f(x) - f(x ), e) > a v (x - x , 5) and 
u v (f(x)-f(x ),£) < uu(x-x ,S) 



Let { x n } n be a sequence in U such that x n — > xq in the space (U,A^ 
that is , for any given r G (0,1), t > 3n G iV such that fi u (%n 
x , t ) > 1 — r and z/ ^ ( ^« — x , £ ) < r Vri > n 
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Again, we see that 

fJ-v (/On) - f(x ) , e) > n u(x n - x , 5) and 
iy v(f(x n ) - f(x ) , e) < uu(x n -x ,S) 

which implies that 

Hv(f(x n ) ~ f(x ) , e) > 1 - r and v v (f(x n ) - f(x ) , e) < 

r V n > riQ 

that is , / ( x n ) — > f ( x o ) in ( V , B^). This completes the proof. 

Theorem 5.5 Let f be a mapping from the generalized IFipNLS ( U , A^ J 
to (V , B^). Then f is IFC on U if and only if it is sequentially IFC on 
U . 

Proof. The proof is same as the proof of the theorem 13 [9] 

Theorem 5.6 Let f be a mapping from the IFNLS ( U , A^) to ( V , B^) 
and D be a compact subset of U . If f IFC on U then f (D) is a compact 
subset of V . 

Proof. Directly follows from the proof of the theorem 14 [9] 
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